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Abstract. Coupling constraints and ordinary diﬀerential equations has
numerous applications. This paper shows how to introduce constraints
involving ordinary diﬀerential equations into the numerical constraint
satisfaction problem framework in a natural and eﬃcient way. Slightly
adapted standard ﬁltering algorithms proposed in the numerical constraint satisfaction problem framework are applied to these constraints
leading to a branch and prune algorithm that handles ordinary diﬀerential equations based constraints. Preliminary experiments are presented.

1

Introduction

Solving problems involving constraints and ordinary diﬀerential equations (ODE)
allows numerous applications (e.g. in parameter estimation, control, design). A
lot of work has been dedicated to solving such problems ([1,2,3,4,5,6] and references therein). Each of these works proposed a method dedicated to a speciﬁc problem, which somehow goes against the paradigm of CSPs that intends
separating the problem declaration and the resolution process. However these
problems all involve variables on continuous domains and some relations that
constrain the variable values thus they should match naturally the numerical
CSP framework (NCSP). Such a matching should allow cross-fertilization between the NCSP framework and these speciﬁc resolution methods, and expressing and solving more problems involving ODE based constraints. Furthermore,
separating the problem declaration and the resolution process has many advantages which have been the basis of the success of the CP framework.
On the other hand, a specialized class of CSPs which includes ODE based
constraints was proposed in [7,8], namely Constraint Satisfaction Diﬀerential
Problems (CSDP). CSDPs include two diﬀerent kinds of variables: Some functional variables whose values are functions x(t) from R to Rn (corresponding
to the trajectories of the ODE) and some real variables, called restriction variables, that correspond to characteristic values of functions x(t) (for example x(0)
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or max0≤t≤1 x(t)). The constraints of the CSDP include constraints acting on
the functional variables (corresponding to the ODE deﬁnition) and constraints
acting on the restriction variables (like the Value Restriction constraints, e.g.
||x(0)|| ≤ 1, and the Maximum Restriction constraints, e.g. max0≤t≤1 x(t) ≤ 1).
Thus, although CSDPs are a speciﬁc class of CSPs, they do not match the NCSP
framework. In particular, they are more complex and less ﬂexible than one could
expect (for example restriction variables of CSDPs can only be directly related
to the ODE solution through some Restriction constraints, see Subsection 3.2
for an example of problem that cannot be expressed in the CSDP framework).
In the present paper, we show that ODE based constraints can be naturally
used in the NCSP framework. This is done by abstracting an ODE by its solution
operator which is a function that maps an initial condition and a time to the
corresponding ﬁnal state (cf. Section 3). We show that in particular parameter
estimation problems and two-point boundary value problems can be expressed
homogeneously in this framework (cf. subsections 3.3 and 3.4). The only adaptation of the NCSP framework to solve such constraints involving ODEs is to tune
the standard ﬁltering algorithms in order to solve eﬃciently these constraints.
In particular, solving these constraints involve evaluating the solution operator
and its derivatives which is very expensive since each evaluation requires simulating the ODE. These solution operator evaluations are performed rigorously
for interval inputs using standard methods from interval analysis for integrating
ODEs. On the other hand, these methods usually evaluate both the solution operator and its derivatives for the same cost. Therefore, standard NCSPs ﬁltering
algorithms have to be tuned in order to evaluate the constraints as rarely as
possible, while exploiting all information provided by these evaluations.
Notations. Intervals are denoted using brackets, e.g. [x] is an interval, and the
set of closed intervals by IR. Vectors are denoted by bold symbols, so [x] is
an interval vector (also called a box). Also, f : Rn → Rm is a vector valued
function, which can be viewed as a vector of real valued function, i.e. f (x) =
∂fi
(x))ij ∈ Rm×n .
(f1 (x), . . . , fm (x)). Its Jacobian is denoted by Df (x) = ( ∂x
j
The lower and upper bounds of an interval [x] are denoted by inf[x] ∈ R and
sup[x] ∈ R respectively. When not confusing, the lower and upper bounds of
an interval [x] will be denoted respectively by x ∈ R and x ∈ R. Inequality for
vectors being understood componentwise, sup[x] ≤ 0 means that [x] contains
vectors whose components are all nonpositive. In the case of interval vectors,
inf[x] ∈ Rn and sup[x] ∈ Rn . The width wid[x] of an interval is x − x, while the
width of an interval vector is the maximum of the widths of it components.

2

Interval Analysis for Numerical CSPs

A constraint satisfaction problem (CSP) is a triplet made of a list of variables,
a list of domains corresponding to these variables, and a set of constraints.
Numerical CSPs are simply characterized by continuous domains, although issues
and technics involved in the resolution of NCSPs and discrete domain CSP are
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diﬀerent. This section presents the basics of NCSPs resolution for constraints
that do not involve any ODE.
A solution of a NCSP is often deﬁned as a real vector x that belongs to the
Cartesian product [x] of the variable domains (i.e. [x] = ([x1 ], . . . , [xn ])), whose
components correspond to the values of the variables (i.e. x = (x1 , . . . , xn )) and
that satisﬁes the constraints. The set of its solutions is denoted by Sol(P) ⊆ [x].
2.1

Interval Analysis

The modern interval analysis was born in the 60’s with [9] (see [10,11] and extensive references). It allows dealing rigorously with real numbers and functions
using machine representable numbers. It therefore plays a key role in the resolution of NCSPs.
The most basic operation of interval analysis is to enclose the image of intervals by a real function. First, arithmetic operations (+, −, × and ÷) and elementary functions (exp, ln, sin, cos, etc.) are extended to intervals by [x] ◦ [y] =
{x ◦ y : x ∈ [x], y ∈ [y]} and f ([x]) = {f (x) : x ∈ [x]} respectively. For example,
[x, x] + [y, y] = [x + y, x + y] and exp([x, x]) = [exp(x), exp(x)] (non monotonous
functions require more complicated but still simple algorithms). Then, expression
compound of these elementary operations can be evaluated to intervals replacing real operations by their interval counterparts. The fundamental theorem of
interval analysis states that the interval evaluation of an expression gives rise
to an interval enclosure of this function (see e.g. [10]). For example, the interval evaluation of f (x, y) = xy + exp(x + y) for interval arguments [x] = [−1, 1]
and [y] = [3, 4] gives rise to [3.38, 152.42] (rounded to two decimals) which is a
superset of {f (x, y) : x ∈ [x], y ∈ [y]}.
The interval evaluation of an expression is the basis for dealing with constraints. For example consider the constraint f (x, y) = 0 where f and the domains [x] and [y] are deﬁned as above. The interval evaluation of the expression
of f gave rise to an interval that does not contain 0, and therefore proves that
the constraint has no solution in the domain hence providing a rigorous ﬁltering
process. More elaborated ﬁltering algorithms are presented in Subsection 2.3.
2.2

The Branch and Prune Algorithm

The branch and prune algorithm [12,13] alternates branching and pruning in
order to produce two pavings1 B and S, called respectively boundary boxes and
solution boxes. It is described in Algorithm 1 where the pruning is performed by
the function ContractC whose semantic is


x ∈ [x] ∧ ∀c ∈ C, c(x) =⇒ x ∈ ContractC ([x]).
(1)
So ContractC contracts a box in such a way that no NCSP solution is lost, and
therefore all the solutions are eventually contained in one box from B or S:
Sol(P) ⊆ (∪S) ∪ (∪B).
1

I.e. sets of boxes which overlap only on their boundaries.

(2)
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Algorithm 1. Branch and Prune Algorithm.

1
2
3
4
5
6
7
8
9
10
11
12
13
14

Input: C = {c1 , . . . , cm }, [x] ∈ IRn ,  > 0
Output: S ⊆ IRn , B ⊆ IRn
L ← {[x]}; B ← ∅; S ← ∅;
while L = ∅ do
([x], L) ← Extract(L);
if IsSolutionC ([x]) then S ← S ∪ {[x]};
else if wid([x]) <  then B ← B ∪ {[x]};
else
[x] ← ContractC ([x]);
if [x] = ∅ then
{[x ], [x ]} ← Split([x]);
L ← L ∪ {[x ], [x ]};
end
end
end
return (S, B);

The solution boxes carry the additional information that the function IsSolutionC ,
which returns a boolean, evaluates to True on them. The semantic of this function depends on the type of constraints involved in the NCSP. In this paper, we
are interested in two kinds of NCSPs that are detailed below.
The ﬁrst involves only inequality constraints. It will be convenient to group
the conjunction of several inequality constraints to one inequality constraint
involving a vector valued function: f (x) ≤ 0 with f : Rn −→ Rm . In this case, the
function IsSolution{f (x)≤0} ([x]) returns True if [f ]([x]) ≤ 0 and False otherwise.
Thus, IsSolution{f (x)≤0} ([x]) is true only if the box [x] contains only solutions
of the constraint. If several such constraints are involved then the conjunction
of each constraint solution test can obviously be used. Finally in this case, the
branch and prune algorithms outputs pavings that satisﬁes ∪S ⊆ Sol(P) in
addition to (2). Such pavings are shown in Section 4 (see e.g. Figure 2 page 230).
The second kind of NCSPs involves n equations and n variables (which corresponds to a well constrained system of equations) and possibly additional inequalities. In this case, the NCSP typically has a ﬁnite number of solutions and
the function IsSolutionC ([x]) returns true only if the existence of one solution
in [x] is proved. This existence proof is carried out using the multidimensional
interval Newton operator (4) which is introduced in Subsection 2.3. Therefore
uniqueness of this solution in [x] is also proved.
2.3

Filtering Algorithms for NCSP

Standard ﬁltering algorithms used in the NCSP framework must be slightly
adapted in order to be eﬃciently used for constraints involving ODEs. These
constraints are characterized by the fact that evaluating a function involving an
ODE is very expensive, but only a small extra work is necessary to evaluate the
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Jacobian of this function (see Section 3 for details). Thus the ﬁltering algorithms
presented in this section also classically used in the context of NCSP may turn
out not to be the most eﬃcient ones when constraints involve no ODEs.
Conjunction of inequality constraints. Two ﬁltering algorithms will be
used for such constraints f (x) ≤ 0: The simple interval enclosure test and the
unidimensional interval Newton2 . The interval enclosure test simply consists
of computing an interval enclosure of f and checking whether or not it allows
rejecting the whole box: If inf[f ]([x]) ≤ 0 is not satisﬁed then the whole box can
be rejected. The unidimensional interval Newton allows removing a slice of [x] as
follows: The domain [xj ] of the variable xj is contracted to the new domain [xj ]
applying the unidimensional interval Newton for each component of f (x) ≤ 0:
[xj ] =






1 
[aik ]([xk ] − x̃k ) ∩ [xj ]
x̃j −
[bi ] + [0, ∞] +
[aij ]

i∈{1,...,m}

(3)

k=j

where [A] = [Df ]([x]), [b] = [f ](x̃) for some x̃ ∈ [x], usually the midpoint of [x].
The addition of the interval [0, ∞] allows applying the interval Newton, which
is originally deﬁned for equality constraints, to inequality constraints: Indeed,
f (x) ≤ 0 is equivalent to 0 ∈ f (x) + [0, ∞] and the interval Newton for equality
constraint is actually applied to the latter.
It is worth noting that in order to apply these two ﬁltering algorithms, only
interval enclosures of f over [x] and over x̃, and of Df over the whole domain
are required.
Well constrained systems of equations. The simple interval enclosure test
is also applied to constraints f (x) = 0 by rejecting the whole box if 0 ∈ [f ]([x])
is not satisﬁed. We will also use the Krawczyk version of the multidimensional
interval Newton (see e.g. [10]) that allows contracting the whole domain [x] to
the new domain [x ] as follows:


(4)
[x ] = (I − C[A])[x] + C[b] ∩ [x]
where [A] and [b] are deﬁned like in (3), and C = (mid[A])−1 .
Remark 1. The multidimensional interval Newton operator is used for both ﬁltering non consistent vectors and proving the existence of solutions (see [10] for
details). Thus only one application of the multidimensional interval Newton is
performed for both purposes, while this optimization is not explicitly shown in
Algorithm 1 for clarity.
It is worth noting that again in order to apply the ﬁltering algorithms dedicated to well constrained systems of equations, only interval enclosures of f over
2

Usually, the unidimensional interval Newton is improved encapsulating it into
the box-consistency ﬁltering (cf. [14] and references therein). However, the boxconsistency ﬁltering requires many function evaluations, which makes it too expensive when ODEs are involved.

226

A. Goldsztejn et al.

[x] and over x̃, and of Df over the whole domain are required. Therefore, all we
will need to be able to apply these ﬁltering algorithms to ODE based constraints
is to be able to compute these interval enclosures in the case of constraints involving ODEs. This is done by abstracting the ODEs by their solution operator,
as shown in the next section.

3

Including ODE Based Constraints in CSPs

We consider herein an ODE x (t) = h(x(t)) where h : Rn −→ Rn is supposed
to be enough diﬀerentiable so that interval integrator can solve it (see e.g. [15]
for an introduction to ODEs). The solution operator of this ODE is introduced
in Subsection 3.1, while the remaining subsections show how to use this solution
operator to model diﬀerent problems.
3.1

The ODE Solution Operator and Its Derivatives

The solution operator is introduced noting that the ODE maps an initial condition x(t0 ) ∈ Rn and a duration t ∈ R to an unique vector3 x(t). Therefore, the
ODE deﬁnes an operator Φ : Rn × R −→ Rn characterized by


(5)
Φ x(t0 ), t = x(t0 + t)
called the ODE solution operator. It allows to abstract the simulation of the
ODE into a simple function evaluation. On the other hand, the evaluation of the
solution operator of course requires to integrate the ODE, thus each evaluation
of Φ is computationally very expensive.
The Jacobian DΦ : Rn × R −→ Rn×(n+1) of the solution operator is also very
useful as it allows to quantify the sensitivity of Φ. For convenience, it is split
into two submatrices Dx Φ : Rn × R −→ Rn×n and Dt Φ : Rn × R −→ R1×n , the
latter being actually equal to h(Φ(x, t)). The former is usually computed solving
the ODE ﬁrst variational equation, which is a linear non-autonomous ODE of
dimension n2 . Therefore, evaluating Φ and DΦ turns out to solving an ODE of
dimension n2 + n.
Standard integrators coming from numerical analysis (e.g. Runge-Kuntta,
Adams methods, etc., see e.g. [15] for details) compute approximations of the
ODE solution. Therefore, they can be used to evaluate approximately Φ and DΦ.
On the other hand, interval integrators (see [16] for review and references therein
for the theory of interval integrators) allow enclosing rigorously the solution of
the ODE for interval initial conditions. Therefore interval integrators give rise
to interval enclosures of Φ and DΦ. This is the key point of our approach: In
order to apply the NCSP framework to ODE based constraints, we need interval
enclosures of the solution operator and its Jacobian, these interval enclosures
being computed by interval ODE integrators.
3

Existence and uniqueness are assumed here, and follow from some hypothesis on the
function φ that are usually veriﬁed. While the concept of solution operator can be
generalized considering a domain diﬀerent than Rn , the interval integrators used in
the sequel rigorously prove existence and uniqueness.
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Remark 2. The work [17] proposes to use constraints techniques to help integrating ODE. However, this kind of techniques cannot be used directly in our
framework since it does not provide any enclosure of the solution operator derivatives.
In theory an interval ODE integrator can compute [Φ]([x], [t]), [Φ](mid[x], [t])
and [DΦ]([x], [t]) in simulation for approximately the same cost than computing
only [Φ]([x], [t]) (see [18,19]). This is perfectly ﬁtted to the application of the
diﬀerent contractors used in NCSP resolution presented in Section 2.3.
In the next subsections, we show how the solution operator allows expressing ODE based constraints modeling diﬀerent problems. It can be note already
that any problem that can be expressed in the CSDP framework can also be
expressed using the solution operator (this is trivial since the solution operator
is actually equivalent to the ODE itself so any restriction acting on the ODE
can be expressed using the solution operator).
3.2

An Academic Design Problem

A simple academic design problem ﬁrst shows the expressiveness of the NCSP
framework with ODE based constraints. We consider for that a 2D ODE x (t) =
h(x(t)). We are looking for the points a and b belonging to the radius 1 circle
centered on (1, 0) such that the state x(tf ) at a ﬁxed time tf of the ODE starting
at a (i.e. x(0) = a), and the points a and b form an equilateral triangle. In the
case where the ODE is x (t) = Ax(t) with


0 1
A=
,
(6)
−1 0
and thus the solution operator Φ(x, t) = exp(tA) is a rotation of angle t, and
tf = π2 , the solution can be found graphically as depicted in Figure 1.
This problem is expressed by the following simple NCSP: Variables are two
angles θ and τ that deﬁne the position of a and b on the circle (i.e. aθ =
(cos(θ), sin(θ)) and bτ = (cos(τ ), sin(τ ))) and the domains of these variables
are [−π, π]. There are two constraints relating the distances between the three
points :
||aθ − Φ(aθ , tf )||2 − ||aθ − bτ ||2 = 0

(7)

||bτ − Φ(aθ , tf )|| − ||aθ − bτ || = 0

(8)

2

2

where Φ : R2 × R −→ R2 is the solution operator of the ODE. The expression of
this geometric problem as a NCSP is really clear (even clearer than its original
English description). Note that this problem cannot be expressed in the CSDP
framework as variables are neither CSDP solution variables nor restriction variables4 . Using the chain rule the constraints can be automatically diﬀerentiated,
4

It could be possible to add a third kind of variables in the CSDP framework to
handle this NCSP. However, the CSDP framework is already made quite complex
because of these two kinds of variables and introducing a third kind of variables
would make it even more complex.

228

A. Goldsztejn et al.

Fig. 1. Graphical solution of the NCSP of Subsection 3.2. The dashed line shows the
ODE ﬂow starting at a which is abstracted by the ODE solution operator in the NCSP
deﬁnition.

hence allowing applying the contractors based on the interval Newton operator.
Thus this problem can now be solved using the standard methods dedicated to
NCSPs.
3.3

Parameter Estimation Problems

The parameter estimation problem represents a special case of ﬁnding the initial
conditions that satisfy some constraints (usually coming from measurements or
observations). Formally, given an ODE x (t) = h(x(t)) and some measurements
(ti , [mi ]) for i ∈ {1, . . . , p}, the problem consists of ﬁnding the initial values
such that the state satisﬁes x(ti ) ∈ [mi ] for i ∈ {1, . . . , p}. Using the solution
operator, this problem is easily cast to a standard NCSP (V, D, C) where: V =
x = (x1 , . . . , xn ) are the initial conditions we search, D = [x] = ([x1 ], . . . , [xn ])
is the initial search region for the initial conditions and
C = {Φ(x, t1 ) ∈ [m1 ], . . . , Φ(x, tp ) ∈ [mp ]}.

(9)

Each constraint represents two vectorial inequalities which can be handled using
the evaluation test and the unidimensional interval operator as explained in
Section 2.
However, an eﬃcient handling of the conjunction of constraints C require
an important optimization: When evaluating the solution operator for x and
ti , the interval integrator performs a simulation from 0 to ti . Therefore, if the
interval evaluation of the solution operator for diﬀerent times are performed
independently then simulations are unnecessarily repeated. Therefore, only one
simulation from 0 to tp must be performed to evaluate the solution operator and
its Jacobian for all time measures.
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Two-Point Boundary Value Problems

A two-point boundary value problem (TPBVP) consists of an ODE x (t) =
h(x(t)) and n equality constraints gi that relate x(t0 ) and x(t1 ). Solving the
TPBVP consists in ﬁnding trajectories x(t) satisfying the ODE and the constraints gi (x(t0 ), x(t1 )) = 0. As the trajectory is completely deﬁned by its initial
condition, the TPBVP actually consists in ﬁnding the initial conditions that give
rise to such trajectories. Such a problem perfectly ﬁts the NCSP framework since
these initial conditions are the solutions of the NCSP (V, D, C) where: V = x =
(x1 , . . . , xn ) are the initial conditions we search, D = [x] = ([x1 ], . . . , [xn ]) is the
initial search region for the initial conditions and C = {c1 (x) = 0, . . . , cn (x) = 0}
with
ci (x) = gi (x, Φ(x, t1 − t0 )).
(10)
Note that once [Φ]([x], t1 − t0 ), [Φ](mid[x], t1 − t0 ) and [DΦ]([x], t1 − t0 ) are
evaluated then [ci ]([x]), [ci ](mid[x]) and [Dci ]([x]) directly follow from (10). In
particular using the chain rule we obtain


∂g(u, v) 
∂g(u, v) 
+
Dx Φ(x, t1 − t0 )
(11)
Dci (x) =
∂u (x,y)
∂v (x,y)
with y = Φ(x, t1 − t0 ). The expression (11) can be evaluated for interval arguments using [Φ]([x]) and [DΦ]([x]).
Remark 3. In some cases the number of variables of the problem can be reduced,
which ease its resolution by a branch and prune algorithm. This is the case typically when one constraint gi involves only the state at t = t0 and can be solved
formally. For example let g1 (u, v) = u1 −u2 and g2 (u, v) = v1 −v2 so the TPBVP
to be solved is x1 (t0 ) = x2 (t0 ) and x1 (t1 ) = x2 (t1 ). So we need only to perform
the search on x1 (0) since x2 (0) is a function of the former. So the NCSP we solve
will actually be: V = {x}, D = {[x]} and C = {Φ((x, x), tt )1 − Φ((x, x), tt )2 = 0}
which is simpler than the original NCSP involving the constraints (10).

4

Experiments

Experiments have been carried out on a 2.53 GHz Intel Dual Core. We used
the interval ODE integrator available as part of the CAPD library5 . In theory
[Φ]([x], [t]), [DΦ]([x], [t]) and [Φ](mid[x], [t]) can be computed during one single
integration. However, the CAPD integrator does not oﬀer this possibility so
we performed two integrations independently, thus approximately doubling the
computational time. Also, the CAPD integrator is optimized for small initial
conditions (which is required for the usual usage of this integrator related to
chaotic dynamical systems investigation) so we obtained very sharp enclosures
of solutions, but poorer performances for exploring large domains.
5

CAPD is available at http://capd.ii.uj.edu.pl/
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Fig. 2. Left: Paving obtained for the academic problem of Section 4.1 (solution and
boundary boxes are in gray and black respectively). Right: Volume of the boundary
boxes vs time for the interval enclosure test (dashed) and the Newton contractor (plain).

4.1

Parameter Estimation Problems

Academic Example. It is a simple problem for which we can formally compute
the solution set. We look for the initial conditions x(0) ∈ ([0, 2], [0, 2]) for which
the trajectories of the ODE x (t) = Ax(t) with


0.1 1
A=
(12)
−1 0.1
(trajectories are spirals that unroll toward inﬁnity) belong to the box [mi ] =
mi ± 0.25 at time ti . In that purpose, we dispose of the following values:
ti
3
5
7
8
mi (−1.34, −1.52) (−1.11, 2.24) (2.84, 0.19) (1.87, −2.52)
As the ODE is linear, its trajectories can be formally computed using the matrix exponential: x(t) = exp(tA)x(0). Therefore, each constraint that forces the
trajectory to be in a speciﬁc box at time ti actually implies that the initial
condition belongs to the parallelepiped {exp(ti A)−1 u : u ∈ mi ± 0.25}. These
parallelepipeds are represented in dashed lines on the left hand side diagram of
Figure 2 together with the paving computed by our algorithm. The right hand
side diagram of Figure 2 shows the total volume of the boundary boxes (vertical axis) that decreases with time (horizontal axis). The plain curve represents
the timings obtained using both the interval enclosure test and the contractor
based on the interval Newton, while the dashed curve corresponds to the interval enclosure test alone. We can see that the Newton based contractor improves
the resolution, although it could be used more eﬃciently: Indeed, it could also
be used to compute inner boxes (cf. [20]) or in conjunction with parallelotope
domains (cf. [21]) although this framework needs to be extended to inequality
constraints for this purpose.
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Fig. 3. Left: Paving obtained for the kinetic parameters estimation of an enzymatic
reaction of Section 4.1 (solution and boundary boxes are in gray and blackrespectively). Right: Volume of the boundary boxes versus time for the interval enclosure
test (dashed) and the Newton contractor (plain).

Estimating Kinetic Parameters of an Enzymatic Reaction. In [22] was
reported the important potential interest of rigorously simulating the following
kinetic enzymatic reaction:
s(t)
s (t) = − Vkmax
s +s(t)

p (t) =

Vmax s(t)
ks +s(t)

(13)

However, the used implementation of HybridCC [23,24] could not integrate this
ODE sharply enough to provide interesting numerical evidences. The NCSP
framework proposed herein uses CAPD which is able to integrate sharply the
ODE (13). Thus, we are in position to perform some parameter estimation of
this model. Some measurements are provided for parameter estimation in [25,26],
however the duration of the experiment is too long for CAPD to integrate it
sharply enough for large initial conditions. Thus, we have prepared the following
set of measurements by simulating the system for s(0) = 25, p(0) = 0, Vmax =
100 and ks = 5 and added a random noise of amplitude 0.1. We obtained the
following measurements:
ti 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
pi 8.01 15.32 21.01 23.92 24.74 24.96 24.97 25.02 24.95 24.91
The parameter estimation problem consists in ﬁnding the parameter values
(Vmax , ks ) in the initial domain ([90, 110], [0, 10]) which satisfy p(ti ) ∈ pi ± 0.1.
Results are shown in Figure 3. We see again that the interval Newton based
contractor improves the resolution in spite of the possible improvements of its
integration with the solution operator evaluation.
4.2

Two-Point BVPs

We have solved two boundary value problems that were studied in [6]. The
method proposed in [6] consists of a bisection algorithm that implements a speciﬁc ﬁltering algorithm on Taylor models (see [27] for details on the Taylor model
method used in [6]). On the one hand, using Taylor models allows integrating
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Table 1. Solutions for the catalytic reaction in a ﬂat particle problem computed from
the initial interval [0, 1]
λ
0.05
0.1
0.15

Solution enclosure
0.97034556001404[65, 88]
0.9226804137526[691, 733]
0.5058725840206[640, 786]
0.06446821272269[81, 149]
0.01655884279376[13, 30]

Width
2.2 × 10−15
4.2 × 10−15
1.5 × 10−14
6.7 × 10−15
1.6 × 10−15

Time (s)
1.1
3.7
5.3

sharply larger initial conditions than the algorithm implemented in CAPD so
larger initial domains can be used than in our implementation (cf. the tubular reactor model problem). On the other hand, the NCSP framework allows
to compute sharper enclosures and proving rigorously the existence of solutions
which is an important issue in BVP resolution. This detailed in the following.
Catalytic Reaction in a Flat Particle. Under some assumptions, the catalytic reaction of a particle can be modeled by the following BVP (cf. [28]):
x1 (t) = x2 (t)
x2 (t)

= λx1 (t) exp

x2 (0) = 0
x1 (1) = 1.




γβ 1−x1 (t)




1+β 1−x1 (t)

(14)

This is naturally expressed as a NCSP as shown in Section 3.4. As in [6], we
solved the problem for γ = 20, β = 0.4, three values of λ and the initial search
interval x1 (0) ∈ [0, 1]. Table 1 reports the results obtained. We have found the
same solutions in approximately the same computation time as in [6]. However,
the enclosures obtained by our algorithm are much sharper, while we have proved
the existence of one unique solution in each of them. This is an important advantage of the usage of the interval Newton as usually implemented in the NCSP
framework.
Tubular Reactor Model. The following simpliﬁed model of a tubular reactor
was studied in [29,6]:
x1 (t) = x2 (t)



 10x1 (t) 
x2 (t) = 6 x2 (t) − 0.05 1 − x1 (t) exp 1+0.5x
1 (t)
x2 (0) = 6x1 (0)
x2 (1) = 0.

(15)

In [6] the initial search domain was x1 (0) ∈ [0, 1]. However, we found that
a trajectory starting at x1 (0) = 0 and x2 (0) = 0 probably converges to a singularity in ﬁnite time, which prevents any further integration6 . The bisection
6

This behavior was pointed out by Daniel Wilczak in a personal communication.
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Table 2. Solutions for the tubular reactor model computed in 30 seconds from the
initial interval [0.01, 0.04]
Solution enclosure
0.010042462528303[8, 9]
0.01844542857635[59, 68]
0.03738712388979[57, 179]

Width
2.8 × 10−17
7.6 × 10−16
1.3 × 10−14

algorithm proposed in [6] is able to get rid of this convergence to a singularity
by enforcing the constraint x1 (t) ∈ [0, 1] for all t, which is justiﬁed by physical considerations. This additional constraint strongly ease the resolution of the
BVP, but we have not yet been able to integrate this constraint in our framework.
This together with the fact that CAPD is optimized for small initial conditions
(while the ODE integrator used in [6] better integrates larger initial conditions)
restricted us to a smaller initial domain: Table 2 shows the enclosures computed
by our algorithm starting from the initial domain x1 (0) ∈ [0.01, 0.04] (which
contains all the BVP solutions). We have found the same solutions as in [6].
However, ﬁve intervals were found in [6] and the authors conjectured that three
of them were corresponding to the same solution (because they were very small
neighbors). Our algorithm gave the rigorous proof that a unique solution lies
in each intervals hence proving that this BVP actually has three solutions, and
provided sharper enclosures of these solutions. These are the typical advantages
of the NCSP framework.

5

Conclusion

We have shown that abstracting an ODE by its solution operator allows including
naturally any ODE based constraint into the standard framework of numerical
CSPs (NCSP). This permits the homogenizing and generalizing of several state
of the art algorithms, like for example those dedicated to parameter estimation
and boundary value problems. The expression of problems involving ODE in
this framework presents many advantages: First it allows to separate the problem declaration and its resolution, which is a well known advantage of the CP
framework. Second, the resolution of these problems can beneﬁt from present
and future eﬃcient methods designed in the NCSP framework.
Our current implementation of this framework is not yet able to solve the
hardest problems solved by dedicated state of the art methods. However, it has
already shown some advantages with some very sharp BVP solution enclosures
and their existence and uniqueness proof.
Tackling larger problems require strong optimization of the resolution process. For example, experiments have shown that at the beginning of the search,
when intervals are large, the pruning is not eﬃcient so reducing the order of
the Taylor expansion would certainly pay oﬀ. Also, we are using today the interval integrator from the CAPD library but implementing a dedicated interval
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integrator would allow integrating ODE more carefully in order to save computations that are not necessary to the CSP resolution process. Also, this interval
integrator is optimized for small initial conditions, which is good for computing
sharp enclosure of solutions at the end of the resolution process but which is not
eﬃcient at the beginning of the search process when domain to be proceeded
are large.
Finally, some speciﬁc NCSP features like universally quantiﬁed constraints,
parallelotopes domains, rigorous global optimization can naturally be used with
ODE based constraints, which can lead to interesting developments.
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