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Computation of Guaranteed Enclosures for thé
Solutions of Ordinary Initial and Boundary
Value Problems

Rudolf J. Lohner

University of Karlsruke, Germany

1 Introduction

_ Based on classical numerical methods combined with interval arithmetic,

we present methods which are able to verify the existence and compute
guaranteed enclosures for the solutions of ordinary initial value problems
(IVP) and boundary value problems (BVP). For IVP we use Taylor ex-
pansion, where the remainder term is enclosed by interval methods and
special care is taken in adding the local error to the global error. For BVP
shooting methods are used. The nonlinear systems arising here are solved
by interval versions of Newton’s method. The presented’ methods can be
programmed in such a way that a user has to supply only the system of
ODEs and the initial or boundary conditions in some symbolic form or as
subroutines as well as a few numerical parameters. No information about
any derivatives has to be supplied. Only sufficiently high smoothness of
the problem is required.

In this paper we present methods for the automatic computation of
guaranteed bounds on the solutions of ordinary initial and boundary value
problems (IVP and BVP).

For IVP we use stepwise Taylor expansion where the Taylor coefficients
are computed by automatic differentiation, see [19]-[23], and the remainder
term is enclosed in an interval in each time step. In addition, we have to
take care of the so called ‘wrapping effect’ which is an intrinsic difficulty
in applying enclosure methods to IVP, since it potentially ‘blows up’ the
enclosures, see [7, 10, 19, 22, 25]. We reduce this effect by suitable coor-
dinate transformations and by taking intersections of different enclosures.
Also, these methods can treat initial sets, e.g. interval vectors, and can
bound the solution set from inside and from outside in each component,
thus making possible a irue sensitivity analysis. The enclosure method for
IVP will be discussed in Section 2. ' -
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